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a b s t r a c t
A graph H is defined to be light in a family H of graphs if there exists a finite number
ϕ(H,H) such that each G ∈ H which contains H as a subgraph, contains also a subgraph
K ∼= H such that the ∆G(K) ≤ ϕ(H,H). We study light graphs in families of polyhedral
graphswith prescribedminimum vertex degree δ, minimum face degree ρ, minimum edge
weightw and dual edge weightw∗. For those families, we show that there exists a variety
of small light cycles; on the other hand, we also present particular constructions showing
that, for certain families, the spectrum of short cycles contains irregularly scattered cycles
that are not light.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper we consider connected plane graphs without loops or multiple edges; in certain situations,
we also allow vertices to be incident with half-edges (each half-edge has exactly one endvertex). For a plane graph G,
V = V (G), E = E(G) and F = F(G) denote the set of its vertices, edges and faces, respectively. A k-vertex (k-face) will
stand for a vertex (a face) of degree (size) k, a≥k-vertex/≤k-vertex (≥k-face/≤k-face) for those of degree (size) at least k/at
most k. Given a k-face α = [x1, . . . , xk], by αi, i = 1, . . . , k we denote the face having the common edge xixi+1 (indices
modulo k) with α. By Cm we denote a cycle on m vertices; for Cm embedded in the plane, Int(Cm) will denote its interior.
The graph Sk = K1,k is the k-star. The weight w(H) of subgraph H of a graph G is the sum∑v∈V (H) degG(v). The edge weight
w(G) of a plane graph G is equal to minuv∈E(G){degG(u) + degG(v)}; the dual edge weight w∗(G) of G is the edge weight of
the dual of the graph G. Let G(δ, ρ;w,w∗) be the family of all polyhedral (that is, 3-connected plane) graphs withminimum
vertex degree at least δ, minimum face size at least ρ, edge weight at least w and dual edge weight at least w∗; the family
of polyhedral graphs with minimum vertex degree at least δ and minimum face size at least ρ will be denoted by G(δ, ρ),
and the family of all plane triangulations with minimum vertex degree at least δ and minimum edge weight at leastw will
be denoted by T (δ;w).
Let H be a family of graphs and let H be a connected graph. Denote by ϕ(H,H) the smallest integer such that each
graph G ∈ H containing a subgraph isomorphic to H , contains also a subgraph K such that K is isomorphic to H and
(∀v ∈ V (K)) degG(v) ≤ ϕ(H,H). If such a finite number does not exist or there is no graph in H which contains H as
a subgraph, then we set ϕ(H,H) = +∞. We say that H is light in the familyH if ϕ(H,H) is finite, otherwise we say that
H is heavy in this family.
This definition of a light graph allows us to compare, unify and generalize previously known results on the local structure
of plane graphs of various graph families. For example, the classical consequence of Euler’s polyhedral formula that each
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plane graph contains a vertex of degree at most 5 (bound 5 being attained, see, for example, a graph of an icosahedron)
translates into the language of light graphs as follows: the graph K1 is light in the familyP of plane graphs andϕ(K1,P ) = 5.
Similarly, the beautiful theorem of Kotzig [13] (saying that each polyhedral graph contains an edge of weight at most 13,
and at most 11 in the case of absence of 3-vertices; both bounds are best possible) may be equivalently formulated as the
assertion that the graph K2 is light in the family G(3, 3), ϕ(K2,G(3, 3)) = 10, ϕ(K2,G(4, 3)) = 7, and ϕ(K2,G(5, 3)) =
6. This result initiated a systematical research on global and local structural properties of plane graphs under various
constraints and was generalized in many ways. The first and basic result that went beyond the frame of results on locally
small generalizations of Kotzig’s theorem (and describing the complete set of light graphs in a family of plane graphs) is by
Fabrici and Jendrol’ (see [4]): it states that, in the family G of all polyhedral graphs, the only light graphs are k-vertex paths
Pk and ϕ(Pk,G) = 5k. The situation is similar also in families G(4, 3) and G(3, 4) (see [3,7]) – the only light graphs are paths
(also, exact values of ϕ are determined). Thus, for these families of polyhedral graphs, the set of light graphs is rather trivial.
But, considering the family G(5, 3), the situation becomes more interesting, because already Borodin [1] proved that each
plane graph of minimum degree 5 contains a 3-face of weight at most 17, the bound being best possible. In [8], Jendrol’ and
Madaras proved that a k-star is light inG(5, 3) if and only if 1 ≤ k ≤ 4 (giving the valuesϕ(S3,G(5, 3)) = 7, ϕ(S4,G(5, 3)) =
10). The problem of characterizing all light graphs in this family remains still open; it is known that cycles Cr , r ∈ {3, . . . , 7}
are light aswell as several other small graphs (see [2,19,18,9,6] for results concerning triangulations). Also, the familyG(3, 5)
shows similar behaviour, as Lebesgue in [14] proved (in other terms) that ϕ(C5,G(3, 5)) = 5; several other graphs are
known to be light in this family (among them S3 [15] and some graphs having the form of a 5-cycle with attached paths
[15,6]) as well as many other ones that are not light (see [10]), but the complete set of light graphs is not known.
The above results show the increasing level of complexity of light graphs set when raising the minimum vertex degree
(or face size) of polyhedral graphs from 3 to 5. But, it is possible to consider a finer approach — a combination of constraints
based on minimum degree and minimum edge weight. For the study of light graphs, this approach was first considered by
Mohar, Škrekovski and Voss in [19] for the family G(4; 9) of all plane graphs of minimum degree ≥4 and minimum edge
weight ≥9 (which may be considered, according to set inclusion, as being ‘‘between’’ G(4, 3) and G(5, 3)). They showed
that this family has a similar behaviour as G(5, 3): S3, S4, C3, C4, C5 and C6 are light. In [16], Madaras and Škrekovski showed
that already the requirement of minimum edge weightw ≥ 9 (or 10) causes several non-path small graphs (namely, C3, C4
and S4) to be light in G(3;w). It is also interesting to study light graphs in families of polyhedral graphs which are extremal
according to minimum edge weight (the extremality is considered according to maximum values of edge weight of a graph
that are allowed by Kotzig’s theorem); the families of Kotzig extremal triangulations were studied in detail in [12] where it
was proved that the set of light graphs in T (4; 11) includes C7, C8, C9 and S6 (similar large light graphswere also observed in
T (3; 13)). For other results and connections to various aspects of structural research of plane graphs, we refer to the survey
paper [11].
A similar approach may be considered when, instead of varying minimum face size, one restricts the minimum dual
edge weight. More generally, we will consider families G(δ, ρ;w,w∗) constrained by all four conditions mentioned
above. The Euler’s Polyhedral Formula and results of [14] provide some conditions on quadruples (δ, ρ;w,w∗) to
be admissible (i.e. yielding the nonempty family G(δ, ρ;w,w∗)), but the complete characterization of admissible
quadruples was done only recently in [5]. There are 35 such quadruples forming a partially ordered set under
set inclusion. Among them, 9 families (G(3, 3; 13, 6),G(5, 3; 11, 6),G(3, 3, 9, 7),G(4, 3; 8, 7), their dual families
G(3, 3, 6, 13),G(3, 5; 6, 11),G(3, 3; 7, 9),G(3, 4; 7, 8) and ‘‘self-dual’’ family G(3, 3; 8, 8)) are extremal in the sense
that they cover the minimal poset element (the empty set) and two other (namely, G(4, 3; 11, 6) and its dual family
G(3, 4; 6, 11)) are also considered to be extremal since the increase of 11 with other three values being fixed results in
an empty family. As the local structure of graphs of families with extremal dual edge weight (or with combined prescribed
values ofw andw∗) was not studied in a deeper detail, we study it in this paper, where we concentrate on determining the
lightness or heaviness of short cycles. It turns out that, in a typical case, the lightness or heaviness of a cycle according to its
length shows an irregular behaviour depending mainly on ways of expressing w∗ as a sum of two integers and subsequent
special constructions for proving the heaviness of a particular cycle (the resulting graph is usually composed from smaller
parts that contain no k-cycle in the way that each its k-cycle passes through a vertex that may be of arbitrarily high degree).
To prove the lightness of a fixed graph H in a specified family H of plane graphs (that is, to prove that ϕ(H,H) ≤ k), we
proceed by contradiction — we assume the existence of an hypothetical counterexample G ∈ H in which every isomorphic
copy of H contains a vertex of degree > k (called big). At this counterexample, the Discharging Method is used. This is a
common technique for proving results on local structure of plane or embedded graphs; it can be tracked to the paper [14]
and, since then, it was usedmany times in the research of colourings (themost prominent use is the proof of the Four Colour
Theorem, see [20]).We assign to each vertex and each face ofG the initial charge c : V (G)∪F(G)→ Z defined here as follows
(the initial charge assignment is the same for all proofs used within this paper):
(∀v ∈ V (G)) c(v) = 2 degG(v)− 6
(∀α ∈ F(G)) c(α) = degG(α)− 6.
From Euler Theorem, it follows that
∑
x∈V (G)∪F(G) c(x) = −12 (hence, the total sum of initial charges is negative). Next, we
define the local redistribution of initial charges between the elements of G such that the total sum of charges remains the
same. This is performed by certain rules which specify the way of charge transfers from elements to another elements
in specific situations. After application of these rules, the elements of G have final charge c∗ : V (G) ∪ F(G) → Q. In
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order to obtain the contradiction, we prove that the final charge c∗ is nonnegative for all elements of G (which gives
−12 =∑x∈V (G)∪F(G) c(x) =∑x∈V (G)∪F(G) c∗(x) ≥ 0).
The rest of the paper is organized as follows. In Section 2, we study the light cycles in G(3, 3; 6, `); we show that, in the
extremal family G(3, 3; 6, 13), the 3-cycle and the 10-cycle are light, but the cycles of lengths between 4 and 9 are not light
aswell as the cycles of length greater than 20. Section 3 is devoted to the extremal familyG(3, 5; 6, 11). Using results of [15],
we prove that the 6-cycle and the 9-cycle are light, and, in addition, that the 10-cycle is also light, but the 7-cycle and the
8-cycle are not light. Two other consecutive short sections deal with families G(3, 3; 7, `) and G(3, 4; 7, 8); we prove that
C3 is light in G(3, 3; 7, `) if and only if ` = 9, and C4 is the only light cycle in G(3, 4; 7, 8). Section 6 concerns the family
G(3, 3; 8, 8). It is proved that, in this family, neither the 4-cycle nor any odd cycle is light, but the 6-cycle is light. At the end,
we present several concluding remarks and open questions.
2. The families G(3, 3;6, `)
In this section, we consider 3-connected plane graphs determined just by prescribed dual weight `; we concentrate
mainly on extremal family G(3, 3; 6, 13). We first determine which cycles are not light in G(3, 3; 6, 13):
Theorem 2.1. For r ≥ 21, the cycle Cr is not light in G(3, 3; 6, 13).
Proof. For given integers n ≥ k and k ≥ 21, we construct a graph Gn ∈ G(3, 3; 6, 13) such that each of its k-cycles contains
a vertex of degree > n. The construction begins with a plane drawing of K2,n; let x, y be its n-vertices and x1, . . . , xn be
neighbours of x in clockwise order. LetH be the graph of the kleetope of an icosahedron (that is, the graphwhich arises from
an icosahedron graph I by inserting a new vertex into each face α of I and joining it with new edges with all three vertices of
α; the original vertices of I will be called black, and the inserted 3-vertices are called green, see [16]) and letH ′ be the graphs
obtained from H in the following way: delete an edge e which joined two 10-vertices of H and delete both 3-vertices of H
which belonged to 3-faces ofH that contained e. Let x′, y′ be 9-vertices ofH ′ and let u, v be its 7-vertices; also, assume thatH ′
is drawn in the plane in such away that [x′uy′v] is its outerface. ThenGn is obtained from a plane drawing of K2,n by replacing
each 4-face [xxiyxi+1] (indices modulo n) with a copy of H ′ so that x′ is identified with x, y′ with y, uwith xi and v with xi+1
(and the edges of outerface of a copy of H ′ are identified with edges of [xxiyxi+1]). By construction, Gn ∈ G(3, 3; 6, 13).
Consider a subgraph of Gn obtained from Gn by deleting vertices x, y. Every block of this subgraph consists of 28 vertices, all
of them being of degree at most 12 in Gn. Now, we paraphrase the argument from [16], Proposition 3.1: each block contains
10 black vertices and 18 green vertices, and no two green vertices are adjacent. This implies that, in a block of Gn−{x, y}, the
longest cycle has length 20. Furthermore, Gn contains as a subgraph the wheelW4n (having x as the central vertex); hence,
in Gn, there is always a k-cycle for k ≥ 21. Thus, for k ≥ 21, any of k-cycles of Gn must pass through either x or y, hence, it
contains a vertex of degree 8n > n, as claimed. 
Next, we focus our attention on r-cycles, 3 ≤ r ≤ 10:
Theorem 2.2. The 3-cycle C3 is light in G(3, 3; 6, `) if and only if ` ∈ {12, 13}. In particular, ϕ(C3,G(3, 3; 6, 12)) = 4.
Proof. To prove that C3 is not light in G(3, 3; 6, `) for ` ≤ 11, construct the graph Gn in the following way: take n copies
S1, . . . , Sn of the configuration S of Fig. 1; let ek1, e
k
2, f
k
1 , f
k
2 , g
k
1, g
k
2, h
k
1, h
k
2, l
k
1, l
k
2 be half-edges of S
k that correspond to half-
edges e1, e2, f1, f2, g1, g2, h1, h2, l1, l2 in S, and let xk, vk1, v
k
2, w
k
1, w
k
2, u
k
1, u
k
2, z
k
1, z
k
2 be vertices of S
k that correspond to vertices
x, v1, v2, w1, w2, u1, u2, z1, z2 in S. Now, join the half-edge ek+11 with e
k
2, f
k+1
1 with f
k
2 , g
k+1
1 with g
k
2 , h
k+1
1 with h
k
2 and l
k+1
1 with
lk2; next, identify vertices v
k+1
1 with v
k
2,w
k+1
1 withw
k
2, u
k+1
1 with u
k
2 and z
k+1
1 with z
k
2 (the index k is taken modulo n). Finally,
for k = 1, . . . , n, identify all vertices xk. The resulting graph Gn belongs to family G(3, 3; 6, 11) and each of its 3-cycles
contains a vertex of degree 2n > n, namely x.
To prove the lightness of C3 in G(3, 3, 6, 12), we proceed by Discharging Method as described in Section 1, under the
following charge redistributions (a big vertex here is the one of degree≥5):
Rule 1: Each 4-vertex sends 1 to each incident l-face, l ∈ {3, 4, 5}.
Rule 2: Each big vertex sends
(a) 1 to each incident 4- or 5-face,
(b) 2 to each incident 3-face.
Rule 3: Each 7-face sends to each adjacent 5-face through the common edge e
(a) 15 ifw(e) = 6,
(b) 0 otherwise.
Rule 4: Each 8-face sends to each adjacent 4- or 5-face through the common edge e
(a) 12 ifw(e) = 6,
(b) 0 otherwise.
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Fig. 1. The configuration S.
Rule 5: Each≥9-face sends to each adjacent l-face, l ∈ {3, 4, 5} through the common edge e
(a) 12 ifw(e) = 6,
(b) 14 ifw(e) ≥ 7 and e is incident with a 3-vertex,
(c) 0 ifw(e) ≥ 8 and e is not incident with a 3-vertex.
We check the nonnegativity of final charge (observe that a 3-vertex as well as a 6-face does not change its charge).
Case 1: Let x be a 4-vertex. Since w∗ ≥ 12, x is incident with at most two l-faces, l ∈ {3, 4, 5}; by Rule 1, c∗(x) ≥
2 · 4− 6− 2 · 1 = 0.
Case 2: Let x be a big d-vertex. Then x is incident with at most
⌊ d
2
⌋
l-faces, l ∈ {3, 4, 5}. Each such a face receives, by Rule 2,
≤2 from x; hence, c∗(x) ≥ 2d− 6− 2 ⌊ d2⌋ ≥ 2d− 6− 2 · d2 = d− 6 ≥ 0 for d ≥ 6. For d = 5, c∗(x) ≥ 2 · 5− 6− 2 ⌊ 52⌋ = 0.
Case 3: Let α be a 3-face. Then α is incident with at least one big vertex x (to avoid a light C3). If both remaining vertices of
α are 3-vertices, then, by Rules 2(b), 5(a) and 5(b), c∗(α) ≥ −3 + 2 + 12 + 2 · 14 = 0; otherwise α contains an ≥4-vertex
y 6= x and, by Rules 2(b) and 1 (or 2(b)) c∗(α) ≥ −3+ 2+ 1 = 0.
Case 4: Let α be a 4-face. If α is incident with at least two≥4-vertices, then, by Rule 1 or 2(a), c∗(α) ≥ −2+ 2 · 1 = 0. If α
is incident with exactly one≥4-vertex, then, by Rules 1 (or 2(a)) and 4(a) (or 5(a)) c∗(α) ≥ −2+ 1+ 2 · 12 = 0. Finally, if α
is incident only with 3-vertices, then, by Rule 4(a) (or 5(a)) c∗(α) ≥ −2+ 4 · 12 = 0.
Case 5: Let α be a 5-face. If α is incident with at least one≥4-vertex, then, by Rule 1 or 2(a), c∗(α) ≥ −1+1 = 0. Otherwise,
by Rule 3(a) (or 4(a) or 5(a), respectively), c∗(α) ≥ −1+ 5 · 15 = 0.
In order to calculate more easily the final charge of other faces, we perform so called charge averaging, i.e. we compute
the average charge that an≥7-face sends to a neighbouring face. The averaging rule is the following:
(A) If α is a face sending the charge δ to a neighbouring face β through the common edge e = vivi+1 withw(e) = 6, then β
keeps δ2 of the received charge and further sends
δ
4 to each of faces β
′, β ′′ that are adjacent to α through the common edges
vi−1vi and vi+1vi+2.
Case 6: Let α be a 7-face. If there is a transfer of 15 from α through edge vivi+1 by Rule 3(a), then the faces that share with α
the edges vi−1vi and vi+1vi+2 are≥7-faces, thus, no transfer is applied to them. We conclude that, after averaging, each face
β adjacent with α keeps a charge of≤ 110 . Hence, c∗(α) ≥ 1− 7 · 110 > 0.
Case 7: Let α be an 8-face. Then, after averaging, each face incident with α keeps ≤ 14 (the argumentation proceeds in the
same way as for 7-face, just 15 is replaced by
1
2 as Rule 4(a) is involved). Hence, c
∗(α) ≥ 2− 8 · 14 = 0.
Case 8: Let α be a d-face, d ≥ 9. Observe that, through a pair of consecutive edges in α with a common 3-vertex, only one
transfer of charge is applied. This yields an average charge 14 through every edge incidentwithα, giving c
∗(α) ≥ d−6−d· 14 =
3
4d− 6 > 0 for d ≥ 9.
To show that the bound 4 in the theorem is best possible, we construct a graph K ∈ G(3, 3; 6, 12) such that each of
its 3-cycles contains a 4-vertex. The construction proceeds as follows: consider the graph G of Fig. 2. This graph belongs to
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Fig. 2. The graph G ∈ G(3, 3; 6, 11).
Fig. 3. The graph K .
G(3, 3; 6, 11) (see the outerface of size 8; all other faces are either 3-faces or 9-faces) and, except for faces α1 and α2, each
of its 3-faces is incident with a 4-vertex. Now, take five copies G1, . . . ,G5 of G; let vi1, v
i
2, u
i
1, u
i
2 be vertices in the ith copy
Gi of G that correspond to vertices v1, v2, u1, u2 of G. Take a 9-cycle C = [v′1v′2 . . . v′9], identify edges v11v12, v21v22, v31v32, v41v42
and v51v
5
2 with edges v
′
1v
′
2, v
′
3v
′
4, v
′
5v
′
6, v
′
6v
′
7 and v
′
8v
′
9, respectively; finally, add edges u
1
2u
2
2, u
2
2u
3
2, u
4
1u
5
1 and u
5
1u
1
1. The obtained
graph is the required graph K (see Fig. 3). 
At present, the exact value ϕ(C3,G(3, 3; 6, 13)) is not known; we conjecture that it is equal to 3.
Theorem 2.3. For m ∈ {4, . . . , 9}, the cycle Cm is not light in G(3, 3; 6, 13).
Proof. Fixm ∈ {4, . . . , 9}. For each n ≥ 3, we construct a graph G such that each of itsm-cycles contains a vertex of degree
2n > n. Consider the graphH of a truncated dodecahedron (see Fig. 4); let [a1a2 . . . a10] be its outerface and u1 = a1, u2 = a3
and v = a7. Further, consider a plane embedding of anm-cycle Cm with verticesw1, . . . , wm labeled counterclockwise. Take
n(m−1) copiesH i,j of the graphH andn copiesC im ofCm; letui,j1 , ui,j2 and vi,j be vertices ofH i,j that correspond to verticesu1, u2
and v of H , and letwik be the vertex of C
I
m that corresponds to the vertexwk in Cm. Now, identify all verticesw
i
1, i = 1, . . . , n
and then add new edges vi,jwij+1, u
i,j
1 u
i,j+1
2 , u
i,m
1 u
i+1,1
2 , i = 1, . . . , n, j = 1, . . . ,m − 1. This may be performed so that the
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Fig. 4. The truncated dodecahedron.
Fig. 5. The construction for n = 3,m = 4.
resulting graph G is plane (see Fig. 5 for the case n = 3,m = 4). It is easy to check that in G, each of itsm-cycles contains a
vertex of degree 2n > n, as claimed. 
Theorem 2.4. The 10-cycle C10 is light in G(3, 3; 6, 13).
Proof. We will prove that ϕ(C10,G(3, 3; 6, 13)) = 5. The proof uses Discharging Method under the following charge
redistribution (a big vertex here is the one of degree≥6, a small face is the one of size l ∈ {3, 4, 5}):
Rule 1:
(a) Each vertex of degree 4 or 5 sends 1 to each incident small face.
(b) Each big vertex sends 1 to each incident small face and 10-face.
Rule 2: Each 8-face sends 14 to each adjacent 5-face.
Rule 3: Each 9-face sends to each adjacent 4- or 5-face 12 through each edge ewithw(e) = 6.
Rule 4: Each l-face, l ≥ 10 sends to each adjacent small face
(a) 1 through each edge ewithw(e) = 6
(b) 12 through each edge e such thatw(e) ≥ 7 and e is incident with a 3-vertex.
We check the nonnegativity of final charge.
B. Ferencová, T. Madaras / Discrete Mathematics 310 (2010) 1661–1675 1667
Case 1: Let α be a 3-face. If α is incident with k 3-vertices, then Rule 1a is used 3−k times, Rule 4a is used three times or once
(depending whether k = 3 or 2) and Rule 4b is used twice when k = 2 or 1. Now, for k = 3 or 0, c∗(α) ≥ −3+ 3 · 1 = 0; if
k = 2, then c∗(α) ≥ −3+ 1+ 1+ 2 · 12 = 0 and for k = 1, c∗(α) ≥ −3+ 2 · 12 + 2 · 1 = 0.
Case 2: Let α be a 4-face. If α is incident only with 3-vertices, then c∗(α) ≥ −2+ 4 · 12 = 0 by Rule 3 or 4a; if α is incident
with exactly one 3-vertex, then c∗(α) ≥ −2+ 1+ 2 · 12 = 0 by Rules 1 and 3 (or 4a), otherwise c∗(α) ≥ −2+ 2 · 1 = 0 by
Rule 1.
Case 3: Let α be a 5-face. If α is incident only with 3-vertices, then c∗(α) ≥ −1+ 5 · 14 > 0 by Rule 2 (or 3 or 4a), otherwise
c∗(α) ≥ −1+ 1 = 0 by Rule 1.
Case 4: Let α be a k-face, 6 ≤ k ≤ 8. If k ∈ {6, 7}, then c∗(α) = c(α) ≥ 0; if k = 8, then c∗(α) ≥ 8− 6− 8 · 14 = 0.
Case 5: Let α be a 9-face. Observe that if there is a transfer of 12 from α through the edge vivi+1 by Rule 3, then there are no
transfers through vi−2vi−1 and vi+1vi+2. Thus, using the averaging argument from proofs above, we conclude that α sends
in average≤ 14 through each incident edge and c∗(α) ≥ 9− 6− 9 · 34 > 0.
Case 6: Let α be a 10-face. If there is a transfer of 1 from α through the edge vivi+1 by Rule 4a, then there are no transfers
through vi−2vi−1 and vi+1vi+2 (since the faces incident with these edges are not small). Suppose that there is a transfer of 12
from α through the edge vivi+1 by Rule 4b; without loss of generality, let vi+1 be a 3-vertex and vi be an≥4-vertex. Now, the
edge vi+1vi+2 is not incident with a small face, hence, there is no charge transfer through this edge from α. Thus, using the
averaging argument fromproofs above,we conclude thatα sends in average≤ 12 through each incident edge. As the boundary
of α is a 10-cycle, α is incident with a big vertex and receives 1 by Rule 1b. So, we obtain that c∗(α) ≥ 10− 6− 10 · 12 > 0.
Case 7: Let α be an 11-face. Suppose first that α is incident only with 3-vertices. As pointed out above, each transfer of 1
from α by Rule 4a ‘‘blocks’’ two transfers through neighbouring edges. Furthermore, by parity argument, α is adjacent with
at least two ≥6-faces β, γ that are adjacent. After performing averaging, β and γ receive in average ≤ 14 and every other
face adjacent with α receives≤ 12 ; thus, c∗(α) ≥ 11− 6− 2 · 14 − 9 · 12 = 0.
Next, suppose that α is incident with exactly one ≥4-vertex vi. If both faces αi−1, αi incident with α through edges
vi−1vi, vivi+1 are small, then the faces αi−2 and αi+1 are≥8-faces, thus receiving≤ 14 after averaging. If αi−1 is small and αi is
big, then αi−2 is an≥8-face (αi+1 may be small); hence, after averaging, α sends to αi−2 and αi at most 14 and to other faces
at most 12 . If both αi−1, αi are ≥6-faces, then no charge transfer is applied to them, thus, after averaging, they receive from
α at most 14 . We conclude that, in this case, there are at least two faces adjacent with α that receive in average ≤ 14 and all
other faces receive≤ 12 ; so, we obtain c∗(α) ≥ 11− 6− 2 · 14 − 9 · 12 = 0.
Finally, suppose that α is incident with at least two≥4-vertices. If these vertices are adjacent (say they are vi and vi+1),
then the face αi receives no charge from α and, after averaging, no charge is assigned to αi; for all other faces, the average
charge sent to them from α is ≤ 12 , thus, c∗(α) ≥ 11 − 6 − 10 · 12 = 0. If these vertices are nonadjacent, picking any one
of them, we may use the same argumentation as in the case of α being incident with a single ≥4-vertex, thus obtaining
c∗(α) ≥ 0.
Case 8: Let α be a k-face, k ≥ 12. Then, as in the case of a 10-face, we obtain that the average transfer from α per edge is≤ 12 ,
thus c∗(α) ≥ k− 6− k · 12 ≥ 0.
Case 9: Let v be a k-vertex that is not big. As w∗(G) = 13, v is incident with at most ⌊ k2⌋ small faces; thus, c∗(v) ≥
2k− 6− ⌊ k2⌋ · 1 ≥ 0 for k ≥ 3.
Case 10: Let v be a big k-vertex. Then c∗(v) ≥ 2k− 6− k · 1 = k− 6 ≥ 0. 
3. The family G(3, 5;6, 11)
We start the investigation of light cycles in this family by showing that sufficiently long cycles are not light:
Theorem 3.1. For k ≥ 61, the k-cycle Ck is not light in G(3, 5; 6, 11).
Proof. For given integers n ≥ k and k ≥ 61, we construct a graphGn ∈ G(3, 5; 6, 11) such that each of its k-cycles contains a
vertex of degree≥n. Let F be a plane drawing of truncated icosahedron graph (the soccer-ball graph) such that its outerface
α is a 6-face and a, b, c are three independent vertices on α in clockwise order. Take n copies F1, . . . , Fn of F (with vertices
ai, bi, ci being counterparts of vertices a, b, c), add new vertex x and new edges xai and bici+1 (indices modulo n). This can
be performed so that the resulting graph Gn is and belongs to G(3, 5; 6, 11). Each block of Gn − x which is not an edge has
60 vertices. Furthermore, for t ≥ 3, a cycle of length 3t or 3t + 1 can be always found in Gn when routing through a pair
of edges incident with x and through edges that connect blocks of Gn − x, and a (3t + 2)-cycle may be constructed from
a (3(t − 1) + 1)-cycle C so that we take an edge e of C which is part of a 5-face α of Gn and replace e by a path of length
4 induced by four remaining edges of α. Hence, for any k ≥ 61, a k-cycle is always present in Gn and must pass through x
which is of degree n, as claimed. 
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Fig. 6. The part of Gn for heavy C7 in G(3, 5; 6, 11).
Theorem 3.2. The 5-cycle, the 6-cycle and the 9-cycle are light in G(3, 5; 6, 11).
Proof. In [14], it is proved that each 3-connected plane graph of minimum face size 5 contains a pentagonal face incident
with four 3-vertices and one≤5-vertex; thus, C5 is light in G(3, 5; 6, 11) ⊂ G(3, 5; 6, 10). Furthermore, in [15], we proved
that each 3-connected plane graph of minimum face size 5 contains a 5-face adjacent with an ≤6-face such that all their
vertices are of degree at most 9. Hence, in each G ∈ G(3, 5; 6, 11), there is a 5-face α adjacent with a 6-face β such that all
their vertices are of degree at most 9. By 3-connectedness of G, the boundary of β is a 6-cycle, and the symmetric difference
of boundary cycles of α and β is a 9-cycle, which completes the proof. 
Theorem 3.3. The 7-cycle C7 is not light in the family G(3, 5; 6, 11).
Proof. For a given integer n, we construct the graph Gn in the following way: let C1 = [a11, . . . , a51, . . . , a1n, . . . , a5n],C2 =
[b11, . . . , b91, . . . , b1n, . . . , b9n],C3 = [c11 , . . . , c91 , . . . , c1n , . . . , c9n ],C4 = [d11, . . . , d61, . . . , d1n, . . . , d6n] and C5 =
[e11, e21, . . . , e1n, e2n] be five cycles of length 5n, 9n, 9n, 6n and 2n, respectively. Embed these cycles in the plane so
that Int(C5) ⊂ Int(C4) ⊂ Int(C3) ⊂ Int(C2) ⊂ Int(C1). Then, for each i = 1, . . . , n add new edges
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i . Next, place a new vertex x into Int(C1)
and, for each i = 1, . . . , n add new edges a1i x (see Fig. 6 for a part of Gn). The resulting graph Gn belongs to G(3, 5; 6, 11)
and each of its 7-cycles contains the vertex xwhich is of degree n. 
Theorem 3.4. The 8-cycle C8 is not light in the family G(3, 5; 6, 11).
Proof. For a given integer n, we construct the graph Gn in the following way: let C1 = [a11, . . . , a121 , . . . , a1n, . . . , a12n ],C2 =
[b11, . . . , b231 , . . . , b1n, . . . , b23n ],C3 = [c11 , . . . , c251 , . . . , c1n , . . . , c25n ],C4 = [d11, . . . , d191 , . . . , d1n, . . . , d19n ] and C5 =
[e11, . . . , e71, . . . , e1n, . . . , e7n] be cycles of length 12n, 23n, 25n, 19n and 7n, respectively. Embed these cycles in the plane
so that Int(C5) ⊂ Int(C4) ⊂ Int(C3) ⊂ Int(C2) ⊂ Int(C1). Then, for each i = 1, . . . , n add new edges
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i . Next, place a new vertex x into Int(C1) and, for each i = 1, . . . , n add new edges a1i x, a7i x
(see Fig. 7 for a part of Gn). The resulting graph Gn belongs to G(3, 5; 6, 11) and each of its 8-cycle contains the vertex x
which is of degree 2n > n. 
Lemma 3.5. Every graph G ∈ G(3, 5; 6, 11) contains either a 5-face adjacent to a 7-face or a pair of adjacent 6-faces such that
all their vertices are of degrees at most 5 in G.
Theorem 3.6 (Corollary of Lemma 3.5). The 10-cycle C10 is light in G(3, 5; 6, 11). In particular, ϕ(C10,G(3, 5; 6, 11)) ≤ 5.
Proof. By way of contradiction, assume that there exists a graph G such that either G does not contain a pair of adjacent
faces of sizes 7 and 5 or a pair of adjacent 6-faces, or, any such a pair of faces is incident with a vertex of degree at least 6.
We proceed by the Discharging Method under the following charge redistribution (a big vertex here is one of degree≥6):
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Fig. 7. The part of Gn for heavy C8 in G(3, 5; 6, 11).
Rule 1: Each vertex divides its charge equally among all incident faces.
Let c¯(α) denote the charge of a face α after application of Rule 1; α is called overcharged if c¯(α) > 0, and undercharged if
c¯(α) < 0.
Rule 2: Each overcharged face β sends c¯(β)m(β) to each adjacent undercharged 5-face α; m(β) is the number of undercharged
5-faces adjacent with β (ifm(β) = 0, no charge is transferred).
Proposition 3.7. Each undercharged 5-face α receives by Rule 2 from an adjacent k-face β the charge at least
(a) 25 if k ≥ 8,
(b) 12 if k = 7 and β is incident with a big vertex, and
(c) 13 if k = 6 and β is incident with a big vertex.
Proof. (a) Let β be an l-face, l ≥ 8. Thenm(β) ≤ ⌊ 2l3 ⌋ (otherwise β is adjacent with three consecutive 5-faces βi−1, βi, βi+1
receiving a charge by Rule 2; but, in this case, vi and vi+1 are≥4-vertices, thus, αi is not undercharged, a contradiction) and
the contribution of β by Rule 2 is≥ l−6⌊ 2l
3
⌋ ≥ 25 .
(b) Let β = [v1, . . . , v7] be a 7-face being incident with a big vertex v1. Note that two faces that have common edges v1v2
and v7v1 with β are not undercharged. Observe also that if m(β) = 5 then all five remaining faces adjacent with β are
5-faces receiving a charge from β by Rule 2; this implies that v3, v4, v5 and v6 are ≥4-vertices, but then β3, β4, β5 are not
undercharged, a contradiction. Thusm(β) ≤ 4 and the contribution of β by Rule 2 is≥ 1+ 2·6−664 = 12 .
(c) Letβ = [v1, . . . , v6] be a 6-face being incidentwith a big vertex v1. Using a similar argument as in (b) above, we conclude
thatm(β) ≤ 3 and the contribution of β by Rule 2 is≥ 2·6−663 = 13 . 
We check the nonnegativity of final charge. In view of Rule 1 and Proposition 3.7, it is enough to deal only with 5-faces;
as each≥6-vertex contributes≥1 and each≥4-vertex contributes≥ 12 by Rule 1, we consider just three cases:
Case 1: Let β = [v1, . . . , v5] be a 5-face such that v2, . . . , v5 are 3-vertices and v1 is a 5-vertex. If β is adjacent with an
≥7-face, then c∗(β) ≥ −1 + 45 + 25 > 0. In the opposite case, all neighbouring faces of β are 6-faces and at least one of
β1, β2 is incident with a big vertex, which gives c∗(β) ≥ −1+ 45 + 13 > 0.
Case 2: Let β = [v1, . . . , v5] be a 5-face such that v2, . . . , v5 are 3-vertices and v1 is a 4-vertex. If at least two of β1, . . . , β5
send a charge to β by Rule 2, then c∗(β) ≥ −1+ 12 + 2 · 13 > 0. So, suppose that there is at most one such a transfer. If this
transfer comes from a 7-face, then c∗(β) ≥ −1+ 12 + 12 = 0; otherwise, consider faces β2, β3, β4. If there is no transfer to
β from these three faces, then all of them are 6-faces incident with no big vertex, a contradiction; the situation is similar if
the single transfer is from β2 or β4 (there appears a pair of adjacent 6-faces containing no big vertex). So, there is a transfer
by Rule 2 from β3; then β1, β2 is a pair of 6-faces that are incident with no big vertex, a contradiction.
Case 3: Let β be a 5-face incident only with 3-vertices. If at least three of β1, . . . , β5 send a charge to β by Rule 2, then
c∗(β) ≥ −1 + 3 · 13 = 0. So, suppose that there is at most two such transfers; then, among β1, . . . , β5, there are two
adjacent faces βi, βi+1 that do not contribute to β by Rule 2. Hence, they must be 6-faces that are not incident with a big
vertex, a contradiction. 
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4. The family G(3, 3;7, `)
The graphs of this family are only little explored, even in the extremal case ` = 9. Again, we present first a result on very
long heavy cycles:
Theorem 4.1. For k ≥ 108, the k-cycle Ck is not light in G(3, 3; 7, 9).
Proof. For given integers n ≥ k and k ≥ 108, we construct a graph Gn ∈ G(3, 3; 7, 9) such that each of its k-cycles contains
a vertex of degree at least n. The construction proceeds in the following way: take an n-cycle C = [a1, . . . , an], place a new
vertex x into Int(C) and, for each i = 1, . . . , n, join x with ai by two paths xuiviai, xwiziai of length three. In this way, we
obtain a plane graph G consisting of n 6-faces, n 7-faces and one n-face.
In [5], we presented rather complicated plane graph H from the family G(3, 3; 7, 9) on 108 vertices whose outerface is a
6-face. Then Gn is obtained from G by identifying the boundary of each 6-face of Gwith the boundary of outerface of a copy
of H . It is easy to see that Gn ∈ G(3, 3; 7, 9); also, we leave to reader to check that a k-cycle is always present in Gn. As every
block of Gn − x has at most 107 vertices, we obtain that, for k ≥ 108, each k-cycle of Gn must pass through x which is of
degree at least n. 
Theorem 4.2. The 3-cycle C3 is light in G(3, 3; 7, `) if and only if ` = 9. In particular, ϕ(C3,G(3, 3; 7, 9)) ≤ 6.
Proof. To prove that C3 is not light in G(3, 3, 7, `) for ` ≤ 8, construct the graph Gn in the following way: let C1 =
[a11a21a31 . . . a1i a2i a3i . . . a1na2na3n],C2 = [b11b21b31b41b51 . . . b1i b2i b3i b4i b5i . . . b1nb2nb3nb4nb5n],C3 = [c11c21c31c41 . . . c1i c2i c3i c4i . . . c1nc2nc3nc4n ]
be three cycles of length 3n, 5n and 4n, respectively. Embed these cycles in the plane so that Int(C3) ⊂ Int(C2) ⊂
Int(C1) (in other words, make them concentric in specified order). Then, for each i = 1, . . . , n add new edges
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i+1 (indices modulo n). Next, place a new vertex d into Int(C3) and, for
each j = 1, . . . , n add new edges dc2i , dc3i . The resulting graph Gn belongs to the family G(3, 3; 7, 8) and each of its 3-cycles
contains the vertex dwhich is of degree 2n > n.
To prove the lightness of C3 inG(3, 3; 7, 9), we proceed by DischargingMethod under the following charge redistribution
(a big vertex here is one of degree≥7):
Rule 1: Each k-vertex xwhich is not big sends c(x)k to each incident face.
Rule 2: Each big vertex sends
(a) 12 to each incident≥4-face,
(b) 2 to each incident 3-face.
Rule 3: Each k-face, k ≥ 5 sends to each adjacent l-face, l ∈ {3, 4} through the common edge e
(a) 14 ifw(e) ≥ 7 and e is incident with a 3-vertex,
(b) 0 ifw(e) ≥ 8 and e is incident only with≥4-vertices.
We check the nonnegativity of the final charge.
Case 1: Let α be a k-face, k ≥ 5. Sincew(G) ≥ 7, α is incident with at least ⌈ k2⌉ ≥ 4-vertices receiving from each of them the
charge≥ 12 by Rule 1. Further, observe that ifα transfers, by Rule 3(a), twice 14 through edges vi−1vi and vivi+1, then vi−1, vi+1
are 3-vertices and vi is a≥4-vertex. This implies that the edges vi−2vi−1 and vi+1vi+2 are incident only with≥5-faces, thus,
there is no transfer of charge through them. We conclude that there are at most
⌊ k
2
⌋
transfers of charge≤ 14 from α by Rule
3(a). Hence, the final charge of αmay be estimated as c∗(α) ≥ k−6+ 12 ·
⌈ k
2
⌉− 14 ·⌊ k2⌋ ≥ k−6+ 12 · k2 − 14 · k2 = 9k8 −6 ≥ 0
for k ≥ 6. For k = 5, we have c∗(α) ≥ 5− 6+ 12 ·
⌈ 5
2
⌉− 14 · ⌊ 52⌋ = −1+ 32 − 12 = 0.
Case 2: Let α be a 4-face; then α is incident with at least l ≥ 4-vertices (l ≥ 2). Observe that Rule 1 is then used l times, Rule
3(a) 2(4− l) times and Rule 3(b) 2(l− 2) times. Hence, c∗(α) ≥ −2+ 12 l+ 14 · 2(4− l) = −2+ l2 + 4−l2 = 0.
Case 3: Let α be a 3-face; then α is incident with a big vertex and with at most one 3-vertex. If it is incident with exactly
one 3-vertex, then, by Rules 1, 2(b) and 3(a), c∗(α) ≥ −3 + 2 · 14 + 12 + 2 = 0; otherwise, by Rules 1 and 2(b),
c∗(α) ≥ −3+ 2 · 12 + 2 = 0.
Case 4: Let x be a k-vertex which is not big. By Rule 1, it is completely discharged, hence, c∗(x) = 0.
Case 5: Let x be a big k-vertex. Then x is incident with at most
⌊ k
2
⌋
3-faces sending to each of them the charge 2 by Rule 2(b),
andwith at least
⌈ k
2
⌉ ≥ 4-faces sending to each of them the charge 12 by Rule 2(a). Thus, c∗(x) ≥ 2k−6− 12 ·⌈ k2⌉−2 ·⌊ k2⌋ ≥
2k − 6 − 12 · k+12 − 2 · k2 = 3k4 − 254 ≥ 0 for k ≥ 9; for k = 8, c∗(x) ≥ 2 · 8 − 6 − 12 · 82 − 2 · 82 = 0, and for k = 7,
c∗(x) ≥ 2 · 7− 6− 12 ·
⌈ 7
2
⌉− 2 · ⌊ 72⌋ = 0. 
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5. The family G(3, 4;7, 8)
For this family, we give the complete characterization of light cycles, which is contained in the following theorems:
Theorem 5.1. For k ≥ 5, the cycle Ck is not light in G(3, 4; 7, 8).
Proof. For given integers n ≥ k and k ≥ 5, we construct a graph Gn ∈ G(3, 4; 7, 8) such that each of its k-cycles contains a
vertex of degree≥n.
We firstly resolve the case when k ≥ 6 is even. The graph Gn is obtained in the following way: put m = n and take two
2m-cycles Ca = [a1c1a2c2 . . . amcm], Cb = [b1c1b2c2 . . . bmcm] embedded in the plane so that Ca bounds the outerface of this
plane drawing. Into its outerface, insert a new vertex x and add new edges xai for i = 1, . . . ,m; then, insert into remaining
2m-face a new vertex y and add new edges ybi for i = 1, . . . ,m. The resulting graph Gn consists only of 4-faces, 3-, 4- and
m-vertices and every its edge has weight ≥7. Now, considering the subgraph of Gn induced by 3- and 4-vertices, its blocks
are 4-cycles. Therefore, in Gn, each k-cycle must pass through either x of y, which are of degree n.
The case when k ≥ 5 is odd uses a similar construction starting withm = n+ 2, but, instead of inserting a new vertex y
(after inserting x), insert into remaining 2m-face a new vertex z and add new edges zb1, zb2, zb3, thereby obtaining a plane
graph consisting of 4-faces and one (2m − 2)-face. Now, into this (2n − 2)-face, insert a new vertex y and add new edges
yz and ybi for i = 4, . . . ,m. The resulting graph Gn consists only of 4-faces and two 5-faces (which are incident with the
edge yz), all vertices are of degree 3, 4,m orm− 2 and every its edge has weight≥7; also, it is easy to see that Gn contains
k-cycles (the path yzb1 can be always extended to a k-cycle). Now, the subgraph of Gn induced by 3- and 4-vertices contains
m−3 blocks which are 4-cycles and one block on eleven vertices which is bipartite. Therefore, in Gn, each k-cycle must pass
through either x of y, both being of degree≥n. 
Theorem 5.2. The 4-cycle C4 is light in the family G(3, 4; 7, 8); in particular, ϕ(C4,G(3, 4; 7, 8)) ≤ 11.
Proof. To prove the lightness of C4 in G(3, 4; 7, 8), we proceed by Discharging Method under the following charge
redistribution (a big vertex here is one of degree≥12):
Rule 1: Each k-vertex xwhich is not big sends c(x)k to each incident 4- or 5-face.
Rule 2: Each big vertex sends 32 to each incident 4- or 5-face.
We check the nonnegativity of final charge (note that if a k-vertex is not big, then c∗(x) ≥ c(x) − k · c(x)k = 0; also, an≥6-face does not change its charge).
Case 1: Let α be a 5-face. Then α is incident with at least three≥4-vertices, receiving from each of them≥ 12 by Rule 1 or 2;
hence, c∗(α) ≥ −1+ 3 · 12 > 0.
Case 2: Let α be a 4-face. Then α is incident with at least one big vertex x (to avoid a light C4) and with at least one≥4-vertex
y 6= x; thus, by Rules 1 and 2, c∗(α) ≥ −2+ 12 + 32 = 0.
Case 3: Let x be a big d-vertex. Then c∗(x) ≥ 2d− 6− 32d = d2 − 6 ≥ 0 for d ≥ 12. 
6. The family G(3, 3;8, 8)
This family seems to be most interesting of all extremal families based on restricted dual edge weight, as the shortest
cycle that may be considered as a subgraph of a graph of G(3, 3; 8, 8) is not light (which was not the case of previously
mentioned families). Firstly, we specify which cycles are heavy:
Theorem 6.1. For each even k ≥ 22, the cycle Ck is not light in G(3, 3; 8, 8).
Proof. For given integers n ≥ 3 and k ≥ 22 even, we construct a graph Gn ∈ G(3, 3; 8, 8) such that each of its k-cycles
contains a vertex of degree> n. The construction begins with a plane drawing of K2,n; let x, y be its n-vertices and x1, . . . , xn
be neighbours of x in clockwise order. Let R be a graph of the rhombic triacontahedron (that is, the plane quadrangulation
whose quadrangles consist of two nonadjacent 3-vertices and two nonadjacent 5-vertices) with outerface [a, b, c, d], a, c
being 3-vertices. Then Gn is obtained from a plane drawing of K2,n by replacing each 4-face [xxiyxi+1] (indices modulo n)
with a copy of R so that b is identified with x, dwith y, awith xi and c with xi+1 (and the edges of outerface of a copy of R are
identified with edges of [xxiyxi+1]). By construction, Gn ∈ G(3, 3; 8, 8). Now, consider a subgraph of Gn obtained from Gn by
deleting vertices x, y. Every block of this subgraph consists of vertices of degree at most 5 in Gn; furthermore, it is bipartite
and contains ten vertices of degree 5. This implies that the longest cycle within every block has length 20. Thus, for even
k ≥ 22, any of k-cycles of Gn must pass through either x or y, hence, it contains a vertex of degree 4n > n, as claimed. 
Theorem 6.2. The 3-cycle C3 is not light in G(3, 3; 8, 8).
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Fig. 8. The part of Gn for heavy C3 in G(3, 3; 8, 8).
Fig. 9. The part of Gn for heavy C4 in G(3, 3; 8, 8).
Proof. For a given integer n, we construct the graph Gn in the following way: let R be the above mentioned graph of the
rhombic triacontahedron with outerface [a, b, c, d], a, c being 3-vertices. Take the graph H of a 7n-sided prism and let
[a1, . . . , a7n] be one of its 7n-faces. Now, replace each quadrangular face of H with a copy of R (in other words, identify
the outerface [ai, bi, ci, di] of a copy Ri of R with the boundary of considered quadrangular face of the prism). Next, take
new vertices u1, v1, . . . , un, vn and, for each i = 1, . . . , n add new edges uivi, uia7i−6, via7i−4, via7i−2, via7i; in addition,
take a new vertex x and, for each i = 1, . . . , n add new edges xui, xvi. This can be performed so that the resulting graph
Gn ∈ G(3, 3; 8, 8) is plane (see Fig. 8 for its part). Now, each 3-cycle of Gn passes through vertex x which is of degree
2n > n. 
Theorem 6.3. The 4-cycle C4 is not light in G(3, 3; 8, 8).
Proof. For a given integer n, we construct the graph Gn as follows: let I be a graph of the icosidodecahedron (that is, the
dual of the rhombic triacontahedron) with outerface [a, b, c, d, e]. Take 4n copies I1, . . . , I4n of I (with ai, . . . , ei ∈ Ii being
counterparts of a, . . . , e in I) and, for all i = 1, . . . , 4n add new edges biei+1 (indices modulo 4n). Next, take a 2n-cycle
[u1, . . . , u2n] and, for all i = 1, . . . , n add new edges u2i−1a4i−3, u2i−1a4i−2, u2ia4i−1, u2ia4i; in addition, take a new vertex
x and, for each i = 1, . . . , n add new edges xu2i−1. This can be performed so that the resulting graph Gn ∈ G(3, 3; 8, 8) is
plane (see Fig. 9 for this part). Now, each 4-cycle of Gn passes through the n-vertex x. 
Theorem 6.4. For each odd k ≥ 5, the k-cycle Ck is not light in G(3, 3; 8, 8).
Proof. For given integers k ≥ 5 and n ≥ k, we construct the graph Gn in the following way: consider again a graph R of the
rhombic triacontahedron with outerface [a, b, c, d], a, c being 3-vertices. Now, take n copies R1, . . . , Rn of R and, for each
i = 1, . . . , n add new edges ciai+1 (indices modulo n); next, take a new vertex x and, for each i = 1, . . . , n add new edges
xbi (ai, bi, ci are counterparts in Ri of a, b, c in R). This may be performed so that the resulting graph Gn ∈ G(3, 3; 8, 8) is
plane (see Fig. 10). Then, it is easy to see that each 5-cycle of Gn passes through the vertex xwhich is of degree n. Moreover,
since blocks of the graph Gn − x are bipartite, we obtain that, for given odd k ≥ 5, each of k-cycles of Gn must pass through
x. To complete the proof, it remains to show that Gn indeed contains a k-cycle. But, it is easy to see that the path b1xb2t may
be extended to a cycle of length 6t − 1 using edges b1c1, c1a2, a2b2, . . . , a2tb2t ; this cycle can be further extended to C6t+1
and C6t+3 by replacing the edge b1c1 with a 3-path or a 5-path of R1 with endvertices b1 and c1. 
Lemma 6.5. Every graph G ∈ G(3, 3; 8, 8) contains either a 3-face adjacent to a 5-face or a pair of adjacent 4-faces such that
all their vertices are of degrees at most 59 in G.
Theorem 6.6 (Corollary of Lemma 6.5). The 6-cycle C6 is light in G(3, 3; 8, 8). In particular, ϕ(C6,G(3, 3; 8, 8)) ≤ 59.
Proof. We proceed by Discharging Method using the similar discharging rules as in the proof of Lemma (a big vertex here
is the one of degree≥60):
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Fig. 10. A building block of Gn showing the heaviness of C5 in G(3, 3; 8, 8).
Rule 1: Each vertex divides its charge equally among all incident faces.
Let c¯(α) denote the charge of a face α after application of Rule 1; α is called overcharged if c¯(α) > 0, and undercharged if
c¯(α) < 0.
Rule 2: Each overcharged face β sends c¯(β)m(β) to each adjacent undercharged≤5-face α;m(β) is the number of undercharged
≤5-faces adjacent with β (ifm(β) = 0, no charge is transferred).
Note that the contribution of a big vertex to each incident face by Rule 1 is≥ 1910 .
For the analysis of nonnegativity of final charges, it is enough to deal only with small faces, as vertices are discharged to
zero and Rule 2 eventually discharges≥6-faces (which have nonnegative initial charge).
Case 1: Let α be a 5-face. If α is not incident with a 3-vertex, then c(α) ≥ −1 + 5 · 12 > 0. Otherwise, α is incident with
i ∈ {1, 2} 3-vertices (i ≥ 3 violates the edge weight requirement on G); hence, it is incident with i + 1 ≥ 5-vertices. Thus,
for i = 1, c(α) ≥ −1+ 2 · 45 + 2 · 12 = 85 > 0, and for i = 2, c(α) ≥ −1+ 3 · 45 = 75 > 0.
Case 2: Let α be a 4-face. If α is not incident with a 3-vertex, then c(α) ≥ −2 + 4 · 12 = 0; similarly, if α is incident
with exactly one 3-vertex, then c(α) ≥ −2 + 2 · 45 + 12 = 110 > 0. So, suppose that α is incident with two 3-vertices.
Then it is incident with two ≥5-vertices; if at least one of them is big, then c(α) ≥ −2 + 45 + 1910 = 710 > 0, so, we can
suppose that no big vertex is incident with α. Consider now an arbitrary face β adjacent with α. If β is an ≥7-face, then
c(β) > 1+ 3 · 12 = 52 , which yields the contribution≥
5
2
7 = 514 > 110 from β to α by Rule 2. If β is a 6-face, then it is easy to
show that c(β) ≥ 3 · 45 = 125 (this value is attained when β is incident with three 3-vertices); therefore, β can contribute
to α by Rule 2 with ≥ 1256 = 25 . If β is a 5-face, then, by the previous case, c(β) ≥ 75 , which gives the contribution
7
5
5 >
1
10
to α. Finally, if β is a 4-face, then, together with α, it forms a 6-cycle (otherwise β has three common vertices with α. But,
this is possible only if α = [v1, v2, v3, v4] and β = [v2, y, v3, v4], y 6= v1; then, it is easy to see that {v2, y} is a 2-cut in G, a
contradiction.), hence, β is incident with a big vertex. In this case, c(β) ≥ −2 + 45 + 1910 = 710 . Notice also that m(β) ≤ 2
(since a big vertex supplies – together with 4- or 5-vertices of adjacent faces – enough charge to two faces adjacent with β
that are also incident with this big vertex). We obtain that β may contribute, by Rule 2, to α with≥ 7102 = 720 > 110 .
Therefore, each face adjacent with α sends, by Rule 2,≥ 110 to α, which yields c∗(α) ≥ −2+ 2 · 45 + 4 · 110 = 0.
Case 3: Let α = [v1, v2, v3] be a 3-face.
Case 3.1: Letα be incidentwith a 3-vertex v1. Then v2 and v3 are≥5-vertices. If both v2, v3 are big, then c∗(α) ≥ −3+2· 1910 >
0. If one of v2, v3 – say, v2 – is big, then c(α2) ≥ −1 + 1910 + 2 · 45 = 52 and c(α1) ≥ −1 + 1910 + 2 · 45 = 52 ; hence,
c∗(α) ≥ −3+ 45 + 75 +2 ·
5
2
5 > 0. Consider now the case when none of v2, v3 is big. Then, we will consider the contributions
of faces adjacent with α; note that if α1 is a k-face, then m(α1) ≤ k − 1, and similarly for α2. If α1 is an ≥7-face, then
c(α1) ≥ 1+4 · 45 = 215 and α1 contributes to α by Rule 2≥
21
5
6 = 710 . If α1 is a 6-face, then c(α1) ≥ 3 · 45 = 125 ; in this case, α1
sends to α by Rule 2≥ 1255 = 1225 . Finally, if α1 is a 5-face, then it is incident with a big vertex and c(α1) ≥ −1+ 32+2 · 45 = 2110 ;
hereα1 contributes toα byRule 2≥
21
10
4 = 2140 > 12 . The same argumentationmay be used forα2; consequently,we obtain that
each ofα1, α3 contributes toα by Rule 2≥ 1225 . Consider the contribution of α2. If α2 is an≥7-face, then c(α2) ≥ 1+4· 45 = 215
and then contribution of α2 to α by Rule 2 is≥
21
5
7 = 35 . If α2 is a 6-face, then c(α2) ≥ 4 · 45 = 165 and the contribution of α2
to α is ≥ 1656 = 815 . Finally, if α2 is a 5-face, then it is again incident with a big vertex, so c(α2) ≥ −1 + 1910 + 2 · 45 = 52 and
the contribution of α2 to α is ≥
5
2
5 = 12 . Thus, α2 always contributes to α by Rule 2 ≥ 12 . For the final charge of α, we obtain
c∗(α) ≥ −3+ 2 · 45 + 2 · 1225 + 12 = 350 > 0.
Case 3.2: Let all vertices incident with α be≥4-vertices. If at least two of them are big, then c∗(α) ≥ −3+ 2 · 1910 > 0. Let α
be incident with exactly one big vertex v1; then the rough estimation for the charge of α1 gives c(α1) ≥ −1+ 12 + 1910 = 1410 ,
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which leads to an estimation ≥ 14105 = 725 of contribution of α1 to α by Rule 2. Hence, c∗(α) ≥ −3 + 2 · 12 + 1910 + 725 > 0.
So, we may suppose that α is not incident with a big vertex. Consider now an arbitrary face β incident with α; let vivi+1 be
their common edge. We discuss three possibilities for the charge of β according to degrees of endvertices of vivi+1:
• Let both vi, vi+1 be 4-vertices. If β is an ≥7-face, then c(β) ≥ 1 + 2 · 12 + 3 · 12 = 72 , hence, β contributes to α by
Rule 2 ≥ 727 = 12 . If β is a 6-face, then it is easy to check that c(β) ≥ 6 · 12 = 3 (if β is incident with a 3-vertex, then
c(β) ≥ 3 · 12 + 2 · 45 = 3110 ), which yields to the contribution≥ 36 = 12 . If β is a 5-face, then it is incident with a big vertex,
so c(β) ≥ −1 + 1910 + 2 · 12 + 45 = 2710 and the contribution of β to α is ≥
27
20
5 = 2750 > 12 . Thus, in this case, β always
contributes≥ 12 to α.
• Let vi be 4-vertex, vi+1 be an≥5-vertex. Ifβ is an≥7-face, then c(β) ≥ 1+ 12+ 45+2· 45 = 3910 , which gives the contribution
of β to α being ≥ 39107 > 12 . If β is a 6-face, then c(β) ≥ 12 + 45 + 2 · 45 = 2910 and the contribution of β to α is ≥
29
10
6 = 2960
(this is an exceptional value). If β is a 5-face, then it is incident with a big vertex, so c(β) ≥ −1+ 1910 + 12 + 45 + 12 = 2710
and the contribution of β to α is≥ 27105 = 2750 > 12 .
• Let both vi, vi+1 be≥5-vertices. If β is an≥7-face, then c(β) ≥ 1+ 2 · 45 + 2 · 45 = 215 , hence, β contributes to α at least
21
5
7 = 35 > 12 by Rule 2. If β is a 6-face, then c(β) ≥ 2 · 45 + 2 · 45 = 165 and the contribution is ≥
16
5
6 = 815 > 12 . If β is a
5-face, then again, it is incident with a big vertex, so c(β) ≥ −1+ 1910 + 2 · 45 = 52 and the contribution is≥ 12 . Thus again,
in this case β always contributes≥ 12 to α.
We are now ready to finish the final charge analysis. If each of v1, v2, v3 is 4-vertex, then all of them contribute 12 to α
and also, each of α1, α2, α3 contribute ≥ 12 to α; thus, the total contribution is ≥3. The similar situation is also in the case
when each of v1, v2, v3 is an ≥5-vertex. If two of v1, v2, v3 – say v1 and v2 – are ≥5-vertices and v3 is a 4-vertex, the total
contribution to α is≥ 12 + 2 · 45 + 12 + 2 · 2960 = 10730 > 3. Finally, if v1, v2 are 4-vertices and v3 is an≥5-vertex, then vertices
contribute≥2 · 12 + 45 = 95 to α, α2 and α3 contribute each≥ 2960 and α1 contributes≥ 12 . This gives≥ 95 + 12 + 2930 = 9830 > 3.
Therefore, c∗(α) ≥ −3+ 3 = 0. 
7. Concluding remarks
For each of the presented extremal families of plane graphs with prescribed dual edge weight, we showed that, starting
from a certain length, all sufficiently long cycles are not light. The special constructions in these proofs rely on knowledge
of minimal graphs (in terms of number of vertices) in these families. For some families, such minimal graphs are more or
less known (being graphs of Platonic or Archimedean solids, or obtained from them by certain operations on faces). On the
other hand, for the familyG(3, 3; 7, 9), we could not find a graphwith less than 108 vertices (which leads to a painfully wide
range of cycles whose lightness is not determined yet). More generally, to prove that a cycle of particular length is not light,
one uses the fact that the constructed graph contains some subgraphs which do not contain such cycles. From this point
of view, it is interesting to know which cycles may absent in plane (or polyhedral) graphs (for example, this information is
the key point of constructions in [17]), but, except by scattered results, there is a lack of a general method to provide the
complete answer to this question.
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